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Abstract 
This article develops a dynamic optimising macro model of a open economy 
specialised in tourism based on natural resources. Environmental externalities are 
explicitly introduced in the production function. Global dynamic analysis shows 
that, under some conditions on the parameters, if the initial values of the state 
variables are close enough to the coordinates of PA, then there exists a continuum of 
equilibrium trajectories approaching PA and one trajectory approaching PB. 
Therefore, the model exhibits global indeterminacy, since either PA or PB can be 
selected according to agent expectations. 
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1  Introduction 
 As [9] and [10] pointed out in their seminal papers,equilibrium selection in 

dynamic optimization models with externalities may depend on expectations; 
that is, given the initial values of the state variables (history), the path followed 
by the economy may be determined by the choice of the initial values of the 
jumping variables. This implies that expectations play a key role in equilibrium 
selection and global indeterminacy may occur. Starting from the same initial 
values of the state variables, different equilibrium paths can approach different 

-limit sets (for example, different stationary states). 
In this paper, indeterminacy is generated by negative environmental 

externalities of production activity affecting the natural resource, as in [3] and 
in [4], where negative externalities may generate indeterminacy in an economy 
where private goods can be consumed as substitutes for free access 
environmental goods. 

Following [2], we take into consideration the case where two steady states 
exist, ∗ ∗, ∗, ∗  (sink) and ∗ ∗ , ∗, ∗  (saddle with 
two-dimensional stable manifold), with ∗ ∗ , ∗ ∗ , å

. So, if we obtain, through the numerical simulation the shape of the 

stable manifold, that in three-dimensional is separatrices between different 
regimes of the trajectories, it is possible to modify the initial choice of 
consumption in such a way that the economy approaches either ∗ or ∗ . 
(see Figure 3 in Section 4). 

  
2  Formulation of the model 
 Nature based destinations utilize natural resources and physical capital in 

the production of tourist services. The objective is to maximize welfare to the 
local community from the production of tourist services. This involves 
determining the optimal trajectories of consumption in the local area and the 
use of the environmental resource. Initially, we consider that the production 
of tourist services depends on the tourist demand  attended by the local 
economy. The tourists are attracted by the stock of physical capital offered  
(hotels, transport infrastructure and services), the stock of natural resource  
in the area and negatively affected by price . Assuming as in [7] a linear 
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tourism demand 1  

        (1) 

 the tourism revenues correspond to the value of the economy's output 
and are given by  

		(2) 

 We assume that the representative agent's instantaneous utility function 
depends on consumption C(t) of the output   

1
1

 

The parameter  denotes the inverse of the intertemporal elasticity of 
substitution in consumption. The evolution of  (assuming, for 
simplicity, the depreciation of  to be zero) is represented by the differential 
equation 

⋅
, ,  

where 
⋅
 is the time derivative of . In order to model the dynamics of  

we start from the well-known logistic equation2 and augment it by considering 
the negative impact due to the production process 

⋅
 (3) 

where the parameter 0 represents the carrying capacity of the natural 
resource,  is the economy-wide average output and the parameter 0 
measures the negative impact of  on . We assume that the representative 
agent chooses the functions  and  in order to solve the following 
problem 

 
                                                       
1  In [11] is analyzed a growth economic model with Perfect-Substitution 
Technologies, where is proved that indeterminacy does not occur. 

2 The logistic function has been extensively used as a growth function of renewable 
resources; see, for example, [5] and [8]. 



4 
 

,
	  (4) 

subject to 
⋅

 
⋅

 

with 0  and 0  given, , , 0 and 0 for 
every ∈ 0, ∞ ; 0 is the discount rate. 

We assume that capital  is reversible, i.e., we allow for disinvestment 

(
⋅

0) at some instants of time. Furthermore we assume that, in solving 
problem (4), the representative agent considers  as exogenously determined 
since, being economic agents a continuum, the impact on  of each one is 
null. However, since agents are identical, ex post  holds. This implies 
that the trajectories resulting from our model are not socially optimal but Nash 
equilibria, because no agent has an incentive to modify his choices if the others 
don't modify theirs.  

 
3  Dynamics 
The current value Hamiltonian function associated to problem (4) is (see 

[12]) 
1

1
Ω  

where Ω  is the co-state variable associated to . By applying the 
Maximum Principle, the dynamics of the economy is described by the system 

⋅
  (5) 

Ω
⋅

Ω
∂
∂

Ω  

with the constraint 
⋅

 (6) 
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where  and  satisfy the following conditions  

∂
∂

Ω 0 

 
∂
∂

2 Ω 0 ⇒
2

 

The above conditions plus the limit transversality condition 
lim
→

Ω 0 are sufficient to solve problem (4). By replacing  

with , the Maximum Principle conditions yield a dynamic 
system with two state variables,  and , and one jumping variable, Ω. We 
can write the following system, equivalent to (5)-(6) 

⋅
   (7) 

⋅ 1
4

 
⋅

2
 

with a non-negativity constraint on :  

In such a context, the jumping variable is , instead of Ω . As a 
consequence, given the initial values of the state variables,  and , the 
representative agent has to choose the initial value  of .  

 
4  Stationary states, stability and Hopf bifurcations 
 To express the next proposition, we have to define the following 

threshold values (see the proof of the proposition): 

: 2  

:
2

2
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   Proof. A stationary state ∗ ∗, ∗, ∗  of (7) must satisfy  
∗ : ∗

∗ : ∗ ∗
 (8) 

We have tangency between the curves  and , as 2 , 

therefore increasing ,  remains stationary,while the curve  moves 
upward, then there are two points of intersection  e . It possible increase 

the value of  until ∗ , condition for which 

is . Moreover, the condition 0  i.e. , must be 

satisfied, but since , we obtain the condition 2  (see 

Figure 1)  
 Now, let ∗ ∗, ∗, ∗ , ,  be a stationary state of (7) and 

consider the Jacobian matrix of system (7) evaluated at ∗  

∗

2 ∗
2 2

0

2
1

2 2
0

 

where we can obtain 

∗ 2 ∗ 1
2

 

2 ∗
2

 

∗
2

2 ∗  

Briefly, we are able to derive the characteristic equation of the system, 
defined as  



 

be
Th

either
exists

Pr

Si
matri
[12]); 

Pr

Si
negat
dimen
the st

 
F

eing  the au
hen we can c
r a repellor or
s, it may be eit

roof. Steady stat

nce , 
ix are either a

roof. Steady stat

nce ∗

tive real part
nsional manif
teady state. (s

Figure 2: Ch
curve

uxiliary variab
conclude the 
r a saddle wit
ther a sink or 

te ∗ 

0 and
all with positiv

te ∗  

0, the eigenv
t or with tw
fold of initial
see, [12]).   

haracterization 
es; parameter v

8 

0

le (the eigenv
following pro
th two-dimen
a saddle with

d ∗ 0
ve real part o

values of its J
wo positive 
l conditions 

of the stabili
values : 0.

(9

value of the sy
oposition  A
nsional stable 
h one-dimensi

, the eigenva
or two with ne

Jacobian mat
real part, i.e
, , it is

ity of steady 
015, 0.07

9) 

ystem). 
s  exists, it 
manifold, wh

ional stable m

alues of its J
egative real p

trix are either 
e except for
s impossible t

states and bif
5, 0.08, 

may be 
hile if  

manifold.  

acobian 
part (see, 

all with 
r a one 
to reach 

 
furcation 

0.1 



 

  
appro

appro

0
 
Fi

and j
(wher
chara

  

  
numb

Figure 3: Gl
oaching ∗

0.1090252,
oaching ∗

0.1090252,
0.015, 0.0

igure 2 illustr
jump variable
re 
acteristics:   

  • Attractive

  • Saddle, w
ber of eigenva

lobal indeterm
∗, ∗, ∗

3.6067471
∗ , ∗, ∗

3.6067471
075, 0.8, 

rates the thre
e . There m
, and 

e, three eigen

with n-dimen
alues with neg

9 

minacy in the 
0.03515625

1, 0.0315
0.03515625

1, 0.0425
0.08, 

e dimension 
may realize a

 ) wh

nvalues with n

nsional stabl
gative real par

space , ,
0  start 
5816 ; th
50  start 
5518 ; paramet
0.1 

system with 
at most two 
hich may h

negative real p

le manifold 
rt, for instance

; the black t
of the 

he blue t
of the 

ter values : 

state variable
equilibria, 

have the fo

part , ,

(  represent
e, dimension 

 
rajectory 

point 
rajectory 

point 
0.238, 

es ,  
 and  

ollowing 

;  

ting the 
2 would 



10 
 

be , , , i.e. reachable,4 while , ,  is non-reachable;  

    • Repulsive, with three eigenvalues with positive real domain 
, , ;  

 There can be identified five different areas of interest, depending on the 
type of equilibrium they admit, respectively: , ; , , , ; ; 

. In particular, we are interested in areas , , where global 
indeterminacy occurs (see, [6]). Furthermore, Figure 2 illustrates two 
bifurcation curves, Σ 0  and Σ 0 , where easy 
computations lead to  

Σ 								 ,  (10) 

  Figure 3 represents the global indeterminacy and shows the two 
equilibria  and .  is a saddle with two-dimensional stable manifold, the 
black spiral trajectory, which has initial values , , , converges 
to . Increasing the initial value of ,  (moving along the white line 
while keeping  and  fixed) the trajectory converges towards  tracking 
the yellow area. For the initial value of  the trajectory also converges 
towards  following the blue curve. Beyond  no convergence realizes. 
Hence, given the initial condition of  and , the state variables (i.e. the 
"history" of the economy), there is a unique initial jumping value , for 
which the system converges towards the equilibrium , while there is a 
continuum of initial values of ∈ ,  which drives the system in . 
This implies that, in order to determine the long run equilibrium, beside the 
"history" of the economy, also agents' expectations (about consumption) play 
a crucial role.  

 
 

                                                       
4A steady state with -dimensional stable manifold, if 1 then the economy, 
starting from state variables , , reach the steady state, thus, with abuse of 
notation, we say that steady state is reachable. 
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